We theoretically reveal a new mechanism of light amplification in graphene under the conditions of interband population inversion. It is enabled by the indirect interband transitions, with the photon emission preceded or followed by the scattering on disorder. The emerging contribution to the optical conductivity, which we call the interband Drude conductivity, appears to be negative for the photon energies below the double quasi-Fermi energy of pumped electrons and holes. We find that for the Gaussian correlated distribution of scattering centers, the real part of the net Drude conductivity (interband plus intraband) can be negative in the terahertz and near-infrared frequency ranges, while the radiation amplification by a single graphene sheet can exceed 2.3%.
Graphene under the conditions of interband pumping has attracted considerable interest [1] due to the rich physics including nonlinear photoresponse [2] , collinear relaxation and recombination [3] , anomalous carrier diffusion [4] , and self-excitation of surface plasmons [5] . The emergence of population inversion [6] [7] [8] and negative interband dynamic conductivity in pumped graphene enables the amplification of radiation, particularly, in the terahertz (THz) range [9] . The experimental observation of coherent radiation amplification [10, 11] supports an idea of graphene-based THz-laser [12, 13] . Its full-scale realization faces, however, a number of challenges. First, the coefficient of the interband amplification by a clean layer of pumped graphene cannot exceed 2.3% [9] , which is inseparably linked with the universal optical conductivity of graphene [14] . Second, the radiation amplification associated with the direct interband electron transitions competes with the intraband Drude absorption [15, 16] which is inversely proportional to the frequency squared. The intraband photon absorption can be assisted by the processes of electron-phonon [17] , electron-impurity, and carrier-carrier [18, 19] scattering.
Considering the optical conductivity of direct-gap semiconductors, one typically accounts only for direct interband and indirect intraband electron transitions (the latter shown in Fig. 1A ). There also exist indirect interband transitions, with the photon absorption (or emission) followed (or preceded) by the disorder (impurity or phonon) scattering (Fig. 1, A and B) . In the direct gap semiconductors these are, however, generally excluded from concern, as they are the next-order processes compared to the direct interband transitions. In semiconductors possessing band gap E G , indirect interband transitions are also less probable than indirect intraband ones. They can appear only at frequencies ω > E G /h wherein the Drude factor 1/ω 2 is small. This is not the case of gapless graphene, where it is reasonable to consider indirect intra-and interband transitions on equal footing.
In the present letter we show that certain sources of scattering (namely, Gaussian correlated disorder) can result in dynamic interband Drude conductivity even higher than intraband one. Under conditions of population inversion, the interband scattering-assisted photon emission complements to the direct interband emission. The radiation amplification coefficient by such a graphene layer can exceed the 'clean' limit of 2.3%.
Consider electrons in a graphene layer interacting with in-plane electromagnetic field described by vector-potential A = A 0 cos ωt and random scattering potential V S (r). The Hamiltonian of the system readŝ
Here σ = {σ x , σ y } is the set of Pauli matrices, v 0 ≈ 10 6 m/s is the characteristic velocity of quasi-particles in graphene,p is the two-dimensional momentum operator, and V 0 (r − r i ) is the potential of a single scattering center located at r i . The eigenstates ofĤ 0 represent quasiparticles belonging to the conduction (λ = +1) and valence
, where θ p is an angle between momentum p and x-axis.
The electron-field interaction causes the direct interband transitions allowed in the first-order perturbation theory. The corresponding real part of the interband conductivity, Re[σ inter ], can be found from, e.g., the Fermi golden rule with the following result
Here σ q = e 2 /4h is the universal optical conductivity of clean graphene, f v (ε) and f c (ε) are the electron distribution functions in conduction and valence bands. Below we assume them to be quasi-equilibrium Fermi functions,
where ε F is the (quasi) Fermi energy. Then, one readily notes that the conductivity of the pumped graphene due to the direct interband transitions is negative at frequencieshω < 2ε F The presence of scattering potentialV S (r) leads to the indirect electron transitions and, thus, intraband Drude absorption. The corresponding electron transition amplitude V cc pp ′ is readily found from the second-order perturbation theory considering (3) and (4) as perturbations
Similar expression can be written for the electron transitions in the valence band. However, one can also consider a second-order process, where the photon absorption/emission is followed or preceded by the interband electron scattering. Its amplitude is similarly found from the second-order perturbation theory, which results in
Applying the Fermi golden rule for these indirect interand intraband transitions, one can find the real part of dynamic conductivity. We mark it with the upper index 'D' (Drude) to distinguish from the interband conductivity due to the direct transitions (5):
Re σ
Here v p = v 0 p/p is the quasiparticle velocity and g = 4 is the spin-valley degeneracy factor. In the classical limit hω ≪ {k B T, ε F }, equation (8) A key difference between the inter-and intraband Drude conductivities can be seen from the energy conservation law. For the interband energy conservation in Eq. (9) to be fulfilled, the transmitted momentum q = p ′ − p should be small, namely qv 0 ≤hω. In the intraband process (8), oppositely, qv 0 ≥hω is required. Therefore, the indirect interband transitions are favored by scattering potentials with large Fourier components V q at small q. For the indirect interband transitions to dominate over intraband ones, the Fourier components of the scattering potential should be either singular at q → 0 or decrease abruptly as q increases.
Consider the scattering by random defects with the Gaussian correlations, such that the potential energy cor-
, where l c is the correlation length and V 2 is the average square of scattering potential. The squared modulus of the scattering matrix element appearing in the Fermi golden rule is calculated as [20, 21] 
(10) Passing to the elliptic coordinates in Eq. (9) and evaluating the integrals, one obtains the following relation for the interband Drude conductivity:
where J 1 (x) is a dimensionless integral
with the following asymptotic values
Considering the intraband Drude conductivity associated with the correlated disorder, one can show that the energy-momentum restriction qv 0 >hω yields a small factor exp −(ωl c /2v 0 ) There is no such a small factor in the expression for the interband Drude absorption. As a result, the net Drude conductivity Re σ D intra + σ D inter can become negative in some frequency range below 2ε F /h. This is illustrated in Fig. 2 where we plot separate contributions of inter-and intraband scattering processes to the Drude conductivity.
At a constant value of V 2 , the minimum in the net Drude conductivity shifts to even lower values with increasing the correlation length l c . This is mainly due to abrupt drop in 'normal' Drude absorption Re[σ
2 . The minimum is also shifted toward smaller frequencies as l c increases. Roughly, the minimum is achieved at ω ∼ v 0 /l c . These two trends are illustrated in Fig. 3 , where we plot the net Drude conductivity vs. frequency at different correlation lengths.
One can also find the contributions to the interband Drude conductivity associated with the scattering by random uncorrelated charged impurities with average density n i . The result reads as follows where
q S = 4α c (k B T /v 0 ) ln(1 + e µc/kB T )(1 + e −µv/kB T ) is the Thomas-Fermi (screening) momentum [22] , α c = e 2 /(κ 0h v 0 ) is the coupling constant, and κ 0 is the background dielectric constant. A direct numerical comparison of Re σ
D inter
and Re σ D intra for the uncorrelated impurities shows that account of interband processes reduces the value of Drude absorption by maximum of ∼ 5 % in pumped graphene for the typical values ε F = 50 meV and κ 0 = 5 at room temperature. Hence, one should not expect a sufficient renormalization of the radiation absorption due to the interband transitions for such scattering potentials. This conclusion holds valid for any scattering potential weakly depending on q (acoustic phonon scattering is another example). In those cases, the phase space restriction From a practical point of view, it is important to calculate the net dynamic conductivity of pumped graphene. The optical conductivity of clean graphene incorporates the direct interband conductivity (5) and Drude conductivity due to carrier-phonon [17, 20] and carrier-carrier scattering [18] ; we denote the latter by σ ph and σ cc , respectively. It was shown [18] that in the high-frequency range ω ≫ τ −1 p one typically has σ cc ≫ σ ph . In samples with correlated disorder, the contributions (9) and (8) sum up with the conductivity of clean graphene. Figure 4 shows the examples of the net dynamic conductivity in such samples calculated for different correlation lengths l c . As seen from Fig. 4 , even in the presence of strong carrier-carrier scattering, the interband limit −σ q of the negative dynamic conductivity can be surpassed due to indirect interband transitions.
In Fig. 5 , we compare the dynamic conductivities of a clean pumped graphene layer and a graphene layer with the Gaussian correlated impurities at different frequencies and quasi-Fermi energies. The presence of the interband Drude transitions significantly broadens the domain of negative conductivity, particularly, toward the lower frequencies. The negative dynamic conductivity below −σ q manifests the possibility of optical amplification above 2.3% by a single layer of pumped graphene.
In conclusion, we have studied the processes of photon emission/absorption in graphene enabled by indirect interband transitions. The scattering by the Gaussian correlated disorder results in the interband Drude conductivity exceeding the 'normal' intraband conductivity. Under conditions of population inversion, this leads to the negative net Drude conductivity and radiation amplification above 2.3% by a single graphene sheet. The fabrication of artificial correlated disorder, e.g. by selective absorption of atoms [23] or nanoperforation [24] , opens a way for the novel light-emitting graphene-based 
structures.
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